The aim of this paper is to analyze the laminar free convective flow generated by two identical hot blocks in two-dimensional enclosure cooled by the sides in order to optimize the heat transfer. The top wall and the flat surfaces on bottom wall are adiabatic except for the active sources located symmetrically. Each source of a rectangular form is heated at a uniform temperature while the Prandtl number is fixed at 0.71. Thermal Lattice Boltzmann model of D2Q4-D2Q9 is applied to solve the thermal flow problem. Numerical simulations have been conducted to reveal the effects of various parameters; Rayleigh number 10 3 ≤ Ra ≤ 10 6 , spacing between blocks 0.1 ≤ D ≤ 0.6, block height 0.05 ≤ H ≤ 0.4 and aspect ratio of the enclosure 1 ≤ A ≤ 4 on fluid flow and heat transfer. The computational results by Lattice Boltzmann method have been found to be in good agreement with previous works. The results are presented in the form of isotherms and streamlines plots as well as the variation of the average Nusselt number along horizontal and vertical hot walls. It is found that increasing Rayleigh number and distance between active blocks enhance the heat transfer. The simulations show that the block height and aspect ratio are the most important parameters affecting dynamic and thermal fields and consequently the heat transfer efficiency in the enclosure.
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INTRODUCTION
Steady phenomenon of natural convection heat transfer in enclosure is motivated by its wide several areas of engineering, such as, heating/cooling of buildings and tunnels, cooling of electronic equipment, heat exchanger, performance of thermal system (Vinogradov et al., 2011; Rama Narasimha, et al., 2012 ; Aswatha et al., 2012 ; Naik et al., 2013 ; Naffouti et al. 2015) , ect. In this active research area, several papers are substantially oriented toward the study of natural convection in enclosure with discrete heat sources by the reason of its fundamental interest and relevance to application in industry.
An investigation of the convection heat transfer due to protruded heat sources with glycol as the working fluid in an enclosure is conducted by Chen et al. (1991) . Visualizations of flow patterns under several power inputs show a core flow within the enclosure as well as a recirculating cell in the gap between heaters. Numerical simulations and experimental data of natural convection air cooling of an array of two-dimensional discrete flush heaters on a vertical wall of a rectangular enclosure were performed by Ho and Chang (1994) . The influences of the aspect ratio varying from 1 to 10 and the modified Rayleigh number ranging from 10 3 to 10 7 were obtained carefully. studied the natural convection from an array of discrete heat sources in a cavity filled with water and a dielectric fluid. With increasing modified Rayleigh number, the cavity flow becomes more stratified along the vertical walls and multiple fluid cells develop in the central region. Papanicolaou and Gopalakrishna (1995) presented a twodimensional computational investigation of natural convection in a shallow horizontal air layer driven by a single discrete source heated at a constant heat flux. Compared to case of a single source, the transition from conduction to convection was significantly delayed in the presence of adjacent sources. The rate of increase of Nusselt number with increasing Rayleigh number was higher in the case of multiple heat sources. Natural convection from an array of heat sources in a cavity was numerically analyzed and verified with experimental results by Heindel et al. ( , 1996 . Laminar, conjugate heat transfer was considered with water and FC-77 as fluids. An experimental work and a numerical simulation were studied by Wang et al. (1998) regarding natural convection in an inclined cube enclosure with multiple internal isolated plates. It was found that when all the three plates move up and down within the wide range of the enclosure, the effect of their position on heat transfer is very small. Numerical analysis on nine discrete heat sources mounted on one vertical wall of a rectangular enclosure filled with various liquids was done by Tou et al. (1999) . The results reveal that the flow field is complex and the heat transfer from the discrete heaters is not uniform. Barozzi et al. (1999 Barozzi et al. ( , 2000 investigated the two dimensional buoyant flow in a closed cabinet containing two vertical heating plates with a timeaccurate finite method. Time-dependent long-term solutions are predicted at Gr = 1×10
7
. Madhavan and Sastri (2000) performed a numerical study on conjugate natural convection from protruding heat sources in an enclosure using Fluent. It is found that Rayleigh number, Prandtl number and enclosure boundary condition affects strongly the fluid flow and heat transfer characteristics. presented a two-dimensional numerical investigation of natural convection from two discrete heat sources mounted in a horizontal enclosure with insulating side walls at steady state in order to study the interaction between sources. The convection regime is ruled by the bottom heat source and the flow structure simply consists of two main cells circulating around a two innervolumetric heat sources. Tou and Zhang (2003) investigated the heat transport in a liquid-filled vertical rectangular enclosure with a 3*3 array of discrete flush-mounted heaters along one vertical wall. They noticed that the heat transfer from discrete heaters is non-uniform and maximum Nusselt number occurs at the heater leading edge and decreases towards the trailing edge. Bae and Hyun (2004) investigated two dimensional laminar natural-convective air cooling in a vertical rectangular enclosure with three discrete flush mounted heaters on one side of the wall. The results show the influence of the time-dependent thermal condition of the lowest-elevation heater on the temperatures of the other heaters. Tso et al. (2004) carried out experimental and numerical study for laminar natural-convection cooling of water in a rectangular cavity with nine heaters on one wall at various inclinations. The case of horizontal cavity heated from below reveals flow fields of the toroidal, bimodal or Rayleigh-Benard convection type, depending on the Rayleigh number. Da Silva et al. (2004) investigated the optimal distribution and sizes of three discrete heat sources in a vertical open channel cooled by natural convection. It is shown that the optimal distribution is not uniform and that as the Rayleigh number increases the heat sources placed near the tip of a boundary layer should have zero spacing. Behavior
A r c h i v e o f S I D
T. Naffouti et al. / JAFM, Vol. 9, No. 1, pp. 419-430, 2016. of thermal plumes from two heat sources in an enclosure was carried out by . Numerical results show that the upward motion is divided into three patterns depending on the pitch of two heated sections. performed experiments to study convection heat transfer from discrete heat sources in a liquid cooled rectangular channel. The results indicate that the heat transfer coefficient is strongly affected by the Reynolds number. Convection heat transfer from an 8 by 4 array of heat sources maintained at uniform heat flux in a rectangular channel was experimentally investigated by . The Nusselt number was lowest for fifth row and maximum for first row. Da Silva et al. (2005) investigated the distribution of heat sources in vertical open channels with natural convection. Numerical results show that for low Rayleigh numbers, heat sources select as optimal location the inlet plane of the channel. As the flow intensity increases, the optimal heat source size approaches the height of the wall. studied numerically and experimentally steady state convective heat transfer from in-line chips with water as a fluid. Effects of heat flux, flow rates, and chip number are investigated. Bazylak et al. (2006) made a computational analysis on natural convection heat transfer from flush mounted heat sources in a rectangular enclosure. Uniform heat flux was applied to heat sources and periodic boundary condition was used for the enclosure side walls. Chen et al. (2007) conducted numerical simulations of laminar, steady, natural convection flow in a square enclosure with discrete heat sources on the left and bottom walls. Numerical results indicate that the average Nusselt number increases as Rayleigh number increases. Banerjee et al. (2008) carried out a numerical study on natural convection in a horizontal planar square cavity with two discrete heat sources flushmounted on its bottom wall. The maximum temperature of the right heater rises and that of the left heater decreases monotonically with increasing strength ratio. A numerical study of plumes behavior at high Rayleigh number has been conducted by Rosdzimin et al. (2010) using lattice Boltzmann method. It is shown the movement of thermal plumes is influenced by the distance between two heated cylinder and the cooled walls. Numerical investigation was conducted by Venkatachalapathy and Udayakumar (2010) on natural convection heat transfer from multiple heat sources in a square enclosure. The results show that the Nusselt number varies linearly with Grashof number and the heat transfer coefficients for inner heat sources in any row are lower compared with those near the enclosure walls.
From the available literature, it was found that none study has been carried out about heat transfer optimization of a natural convection flow in a confined medium with two active blocks. So, the objective of this numerical investigation is to optimize the heat transfer of a laminar free convection flow in an enclosure via two heated rectangular blocks placed on the bottom wall. It is a further effort to extend the previous works presented by Naffouti et al. (2012 Naffouti et al. ( , 2013 
PHYSICAL MODEL AND NUMERICAL PROCEDURE
Physical Model
The physical configuration and boundary conditions of the present numerical investigation are presented in Fig.1 . The computational domain is a twodimensional enclosure of height H e and length L e . It is heated with two identical heat blocks S 1 and S 2 in the form of a rectangular block located symmetrically at the bottom wall. Each active block having a fixed length l = 0.1 and a height H is maintained at a constant temperature T h . The vertical walls of the enclosure are isothermally cooled at a constant temperature T c and the horizontal walls are considered to be insulated except the two heat sources. Using thermal lattice Boltzmann model of D2Q4-D2Q9, we investigated the effects of Rayleigh number (Ra) from 10 3 to 10 6 , spacing between heaters (D) from 0.1 to 0.6, source height (H) from 0.05 to 0.4 and aspect ratio (A) from 1 to 4 on flow pattern and heat transfer in enclosure. 
Lattice Boltzmann Method
For two-dimensional flows, Huang et al. (2011) show that the simplest D2Q4 model is capable of obtaining results of equal accuracy as D2Q5 or D2Q9 models. In this investigation, we carried out a comparison between the accuracy and stability of these models in order to solve the thermal flow problem. It was found that the thermal field is the same with various models but the time of simulations with D2Q4 model is smaller than that
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Fig. 2. Lattice structure for two dimensional with D2Q4-D2Q9 models.
In the LB method, the fluid is modelled by fictitious particle exchanging informations quantified by distribution functions that occupy nodes and transit to neighbouring nodes in a streaming phase. After introducing Bhatnagar-Gross-Krook approximation, double population function thermal lattice Boltzmann model introduced by He et al. (1998) is used.
For the flow field:
For the temperature field: For D2Q9 model, the macroscopic density  and fluid velocity vector ) , ( v u u  are calculated by summing the distribution functions over the ninevelocity directions, as:
For D2Q4 model, the temperature  is calculated by summing the distribution functions over the fore-velocity directions, as:
The continuity, momentum and energy equations can be recovered through the Chapman-Enskog expansion (He and Luo., 1997) is the sound speed. The kinetic viscosity and the thermal diffusivity are linked to the relaxation times:
In simulating natural convection problem the additional forcing term is modeled under the Boussinesq approximation; which considers that all fluid properties are constant, except the fluid density given by 
.
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Boundary Conditions and Dimensionless Parameters
Implementation of boundary condition for flow is applied with bounce-back boundary conditions on all walls, which means that incoming boundary populations equal to out-going populations after collision ( f f    , where the asterisk "α" and "β"
denote opposite directions at the wall node). For example for flow field in the east boundary of the enclosure (Fig.3) , the following conditions is used
where n is the lattice on the boundary. Furthermore, the boundary condition for the temperature distribution function at isothermal wall can be determinate by the following condition:
For superior hot wall of heater, boundary condition is evaluated as
The adiabatic boundary condition is transferred to Dirichlet-type condition using the conventional second-order finite difference approximation as:
To simulate the natural convection problems with the LBM, it is necessary to define the characteristic velocity 
The following convergence criterion was adopted for all dependent variables at each point in the computation domain:
where  stands for a dependent variables  , u and v; t refers to time.
RESULTS AND DISCUSSION
Grid Independence and Validation of LB Model
Grid independence is carried out to choose the accurate grid size for the numerical investigation using thermal LB model. Average Nusselt number along hot upper wall for each source is presented for various uniform grid size of lattice number ranging from 2500 to 62500 (Fig.4) . It is showed that the grid size beyond 40000 elements for fixed Ra at 10 5 is adequate to describe the flow and heat transfer characteristics accurately. Therefore, for Ra < 10 5 and Ra = 10 6 , grid sizes of 150*150 to 300*300 elements were used, respectively. The numerical thermal LB D2Q4-D2Q9 models for the problem of laminar natural convection in a square enclosure having differentially heated vertical wall is validated by comparing with studies of Kao et al. (2008) The developed computational LB model is validated against with research of O. Aydin (2000) on natural convection in enclosure with centred heating from below and symmetrically cooling from sides. . It is seen that the predicted results of the flow pattern is more accurate compared with previous investigation. for two length ε = 0.2 and 0.8. This comparison reveals excellent agreements with finding of O. Aydin (2000) and the problem of natural convection flow and heat transfer in square enclosure asymmetrically heated from below using thermal D2Q9-D2Q9 models studied by Naffouti and Djebali (2012) . 
Behaviour of Dynamic and Thermal
Fields of the Flow
Effect of Rayleigh Number
In order to point out the effect of Rayleigh number on natural convection throughout the square enclosure (A = 1), streamline and isotherm contour plots are presented in Fig.7 for various values of Ra ranging from 10 3 to 10 6 with H = 0.05 and D = 0.6. It may be seen that the behaviours of the flow structure and the temperature distributions are symmetrical about the vertical mid plane of the enclosure due to the symmetrical boundary conditions. For Ra ≤ 10 4 , the flow pattern is characterized by two counter-rotating cells where the left one turns in counter-clockwise and the right one clockwise direction. In fact, the ascending flow blocked by upper adiabatic wall moves horizontally toward the corresponding cold wall under effect of cooling then it descends vertically to supply the active blocks in fresh air by the low. Moreover, flow circulation is so weak owing to dominance of viscous forces over the buoyancy force. This shows that the conduction dominates heat transfer inside the enclosure. As the Rayleigh number increases to 10 6 , isotherms deviate toward cold walls where the degree of stratification becomes significant causing the propagation of thermal plume resulting from the interaction between heaters toward adiabatic upper
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T. Naffouti et al. / JAFM, Vol. 9, No. 1, pp. 419-430, 2016. wall. This interaction phenomenon is signalled previously by several investigations in free and confined mediums (Brahimi et al., 1989; . It is related to a vertical elongation of main cells and an intensification of flow circulation inside the enclosure. This leads the convection heat transfer becomes dominant to conduction with the growth of Rayleigh number. Beyond Ra = 10 4 , it is shown the appearance of two secondary small cells between hot sources due to blocking of hot air by the main cells. 
Effect of Spacing between Heat Blocks
Study of spacing D between rectangular hot sources S 1 and S 2 is significant parameter to give more information about dynamic and thermal fields. Fig.8 illustrates the streamlines and isotherms of the flow in enclosure for D = 0.1, 0.2, 0.4 and 0.6 while A, Ra and H are fixed at 1, 10 5 and 0.05 respectively. It can be seen that contours plots are symmetric for different spacing and the convection heat transfer is dominant over conduction owing to higher values of Rayleigh number. When heat sources are closer to each other (D = 0.1), thermal structure is almost identical to a thermal plume generated by a single hot block (Paroncini and Corvaro., 2009; Naffouti et al., 2013) while the flow field is described by two big counter-rotating cells. However, the ascending hot air is strongly entrained by the cold air which comes by the low from the sides causing a strong interaction of the resulting flow. With increasing spacing D to 0.6, interaction between two thermal plume produced by the heaters becomes so weak owing to location of heat sources near the vertical cold walls. Same result is noted by the former work (Rosdzimin et al., 2010) on the interaction of two thermal plumes from two heated cylinders inside an enclosure. Beyond D = 0.1, streamlines show the formation of two small secondary cells near hot sources characterized by a weak circulation. 
Effect of Block Height
Next, attention is focused on the effect of height H of both heat sources ranging from 0.05 to 0.4 on the natural convection inside enclosure for A = 1, D = 0.6 and Ra = 10 5 . Streamlines and isotherms distribution of the flow obtained through the present numerical investigation for various heights are demonstrated in Fig. 9 .
From the figure, it may be observed that the flow pattern and thermal contours are affected by the variation of block height. Similar conclusion is mentioned by Paroncini and Corvaro (2009) . Through plots, the symmetric behaviour of the fluid flow is observed. For H = 0.05, dynamic structure consists of four
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T. Naffouti et al. / JAFM, Vol. 9, No. 1, pp. 419-430, 2016. counter-rotating cells; two small cells between heaters with two big cells characterized by a strong circulation of the flow in enclosure. From the graphs, it is shown that the circulation intensity increases with increasing H due to strong effect of the buoyancy force. Moreover, as H increases the size of big cells decrease while the corresponding of small cells increases. For the largest height of heat sources at 0.4, structure of main cells is destroyed and a completely different global flow pattern is formed having six cells. Furthermore, stratification of the isotherms increases as H increases in the region between heaters and vertical cold walls in particularly for H = 0.4 thus induces a thinner boundary layer development. For various aspect ratios, streamlines consist of two symmetric convection cells with clockwise and anticlockwise rotations in enclosure. From the graphs, it can be seen that the cores of the cells flow pattern moves toward cooled sidewalls as increasing A. This is related to an intensification of longitudinal elongation of the cells with the growth of enclosure volume which reduces the intensity of flow recirculation. However, in the convection region around the active blocks, the density of the isotherms becomes weaker with increasing A causing a production of feeble temperature gradients. It is due to cooling effect of the active blocks which becomes significant as increasing aspect ratio. Fig.14 demonstrate that increasing aspect ratio from 1 to 4 tends to decrease the heat transfer rate about of 17 % owing to reduction of thermal gradients in the proximity of the active blocks which become almost independent of the thermal boundary conditions. 
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CONCLUSION
In this paper, a numerical method of thermal lattice Boltzmann model D2Q4-D2Q9 was employed to simulate free convection heat transfer and fluid flow inside a 2-D enclosure cooled by the sides and heated from below with two rectangular heat blocks. This investigation with LBM has been presented to unveil mainly the effects of pertinent parameters in the following ranges: Rayleigh number 10 3 ≤ Ra ≤ 10 6 , spacing between hot blocks 0.1 ≤ D ≤ 0.6, block height 0.05 ≤ H ≤ 0.4 and aspect ratio of the enclosure 1 ≤ A ≤ 4, on the thermo-fluid characteristics of the laminar flow. Graphical results for the streamline and temperature contours as well as the average Nusselt number along each hot wall were analysed. The main results drawn from this study are illustrated as follow:
-Results of lattice Boltzmann method (LBM) were validated with former studies and consequently a good agreement is demonstrated. This shows that LBM is a powerful numerical technique for solving fluid flows and heat transfer problems in mechanical engineering.
-Contours of streamline and isotherm are symmetrical about vertical mid-plane of the enclosure for all studied configurations hence average Nusselt number on hot wall for both heat sources is the same owing to the symmetrical boundary conditions.
-As increasing Rayleigh number, flow circulation and stratification of isotherms become significant causing the propagation of thermal plume flow to upper adiabatic wall. This indicates that the natural convection is more dominated to conduction hence enhancing heat transfer rates in enclosure especially for high values of Ra.
-As increases spacing D, the interaction between two thermal plumes produced by the heaters becomes so weak while the average Nusselt number increases especially for the largest spacing.
-Dynamic structure of the flow is more and more destroyed with increasing source height and consequently six cells are formed for bigger height. Furthermore, heat transfer rates decrease as block height increases hence weakening the convective mode in enclosure.
-Optimum of heat transfer with fixed Rayleigh number at 10 5 is obtained for D = 0.6, H = 0.05 and smaller A corresponding to a square enclosure. 
